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Abstract

In this paper we study the number of carries occurring while performing an addition
modulo 2 — 1. For a fixed modular integer ¢, it is natural to expect the number
of carries occurring when adding a random modular integer a to be roughly the
Hamming weight of ¢. Here we are interested in the number of modular integers in
7/(2¥ — 1)Z producing strictly more than this number of carries when added to a
fixed modular integer ¢ € Z /(2% —1)Z. In particular it is conjectured that less than
half of them do so. An equivalent conjecture was proposed by Tu and Deng in a
different context.

Although quite innocent, this conjecture has resisted different attempts of proof
and only a few cases have been proved so far. The most manageable cases involve
modular integers ¢ whose bits equal to O are sparse. In this paper we continue to
investigate the properties of P, 1., the fraction of modular integers a to enumerate, for
t in this class of integers. Doing so we prove that P, ; has a polynomial expression
and describe a closed form for this expression. This is of particular interest for
computing the function giving P; ; and studying it analytically. Finally, we bring
to light additional properties of P j in an asymptotic setting and give closed-form
expressions for its asymptotic values.

1. Introduction

For a fixed modular integer ¢ € Z/(2* — 1)Z, it is natural to expect the number
of carries occurring when adding a random modular integer a € Z/(2* — 1)Z to
be roughly the Hamming weight of ¢. Following this idea, it is of interest to study
the distribution of the number of carries around this value. Quite unexpectedly the
following conjecture, indicating a kind of regularity, seems to be verified.
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Conjecture 1. Let S; denote the following set:
Stk = {a € Z/(Q’C —1Z | r(a,t) > w(t)} ,
and P, j, the fraction of modular integers in Sy j:

Piy = |Six| /2.

Then 1
P < 5

(We are fully aware that there are only 2¥ —1 elements in Z /(2% —1)Z, but we will
often use the abuse of terminology we made above and speak of fraction, probability
or proportion for P, .) An equivalent conjecture was originally proposed by Tu and
Deng [8] in a different context. For the connection between the conjecture of Tu
and Deng and the one given here, we refer the reader to [4]. Tu and Deng verified
computationally the validity of their assumption for k£ < 29.

Up to now, different attempts [4, 5, 3, 2] were conducted and lead to partial
proof of the conjecture in very specific cases. A list of the different cases proven
to be true can be found in [5, Section 5]. Unfortunately a direct proof or a simple
recursive one seems hard to find [5, Section 4]. What however came out of these
works is that supposing that ¢ has a high Hamming weight [3, 2] or more generally
that its O bits are sparse [4, 5], greatly simplifies the study of P, ;. This condition
casts a more algebraic and probabilistic structure upon it.

In this paper we restrict ourselves to this class of numbers. We do not prove any
further cases of the conjecture, but extend the study of P, j, as a function of ¢ for this
class of numbers. It is organized as follows. In the first section we recall definitions
and results found in [4]. In the second section we explore the algebraic nature of
P, 1, deduce a closed-form expression for it as well as additional properties that this
expression verifies. This is of particular interest for computing the function giving
P, ;. and studying it analytically. In the third section we analyze the probabilistic
nature of P, ;, find useful closed-form expressions for the asymptotic value of P, j
and give relations verified by different limits.

1.1. Notations

Unless stated otherwise, we use the following notations:
e k € N is the number of bits we are currently working on.
e t €Z/(2¥ — 1)Z is a fixed modular integer.

Moreover we will assume that ¢ % 0. The case t = 0 is trivial and can be found
in [4, Proposition 2.1].

The Hamming (or binary) weight of a natural or modular integer is defined as
follows.
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Definition 2. (Hamming Weight)

e For a € N, w(a) is the weight of a, i.e., the number of 1’s in its binary
expansion.

e For a € Z/(2¥ — 1)Z, w(a) is the weight of its unique representative in
{o,...,2F —2}.

The number of carries is then defined as follows.

Definition 3. For a € Z/(2F — 1)Z, a # 0, we set
r(a,t) = w(a) + w(t) — w(a +1t),

i.e., r(a,t) is the number of carries occurring while performing the addition of a and
t. By convention we set
r(0,t) =k,

i.e., 0 behaves like the binary string 1...1. We also remark that r(—t,t) = k.
k

The set S; 1, is described as
Stk =Halr(a,t) >w(t)}.

We recall that ¢ can be multiplied by any power of 2 (which corresponds to rotating
its binary expansion) without affecting the value of P,y [4, Proposition 2.2].

1.2. A Block Splitting Pattern

To compute P, a fruitful idea is to split ¢ in several blocks and perform the
computation in each block as independently as possible. Here we recall the splitting
pattern defined in [4].

We split t(# 0) (once correctly rotated, i.e., we multiply it by a correct power
of 2 so that its binary expansion on k bits begins with a 1 and ends with a 0) in
blocks of the form [1*0*] (i.e., as many 1’s as possible followed by as many 0’s as
possible) and write it down as follows.

Definition 4. We let
ay B1 a; Bi Qg Ba
— — —
t=1--—-10-—0...1---16---0 ... I-—16-—-0
t1 t; tq

with d the number of blocks, «; and 3; the numbers of 1’s and 0’s of the i-th block
t;. We define B = Z?zl Gi =k —w(t).

We define corresponding values for a (a number to be added to t) as follows.
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Definition 5. We let

aq B a; Bi (7] Ba
— N —N N —N N
t=1---10---0...1---10---0...1---10---0,
a="710-0701-1...710-0701-1...710-0701-1,
— — — — —— ——
71 o1 Yi 95 Yd dq
i.e., 7; is the number of 0’s in front of the end of the 1’s subblock of ¢; and §; is the
number of 1’s in front of the end of the 0’s subblock of ¢;. One should be aware
that +;’s and §;’s depend on a and are considered as variables.

Then «; — 7y; is the number of carries occurring in the i-th block, but only if no
carry comes out of the previous block.

If a carry comes out of the previous block, the situation is more complicated
because we must take into account the fact that it will propagate in the 0 subblock
and could even propagate into the 1 subblock if §; = ;. Therefore we define ~} as
follows.

o if §; # (3;, we define +/ = ; as before,

e if §; = ;, we define v, = 0 (i.e., the carry coming from the previous block
goes through the 0’s subblock so the 1’s subblock always produces «; carries).

We define ] = §; for notation consistency. Then a; —~, + 9/ is the number of carries
occurring if a carry comes out of the previous block.

Unfortunately the v/’s and 8.’s are no longer pairwise independent. Indeed within
the same block, v/ and §; are correlated. However each block remains independent
of the other ones. The distributions of v, and ¢} are given in Table 1.

C; = 0 1 C; Ozifl (67 O[z+1
P(%{ =) 1+12/2ﬁi 1714/251' o 1;11/3151' N 17210{1;2& 172142/51' 0
P(l=d;) 1)2 /4 .. 12kl 0 1/28 120 0

Table 1: Distributions of +/ and ¢}

Finally, for computational reasons, it will sometimes be easier to count the num-
ber of carries not occurring within a block. Hence we define ¢; = ~; + §; and
€, =~ + 0; — 0. Tt is the number of carries lost in the i-th block depending on
whether a carry comes out of the previous block or not.
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1.3. The Constrained Case

It is now time to define what we understand by sparse 0 bits. Informally we want
each of the blocks defined in the previous subsection to have a large number of
1’s and only a few 0’s. Mathematically we impose that ¢ verifies the following
constraint:

d
mjn(ai)ZZﬁi—lzB—lzk—w(t)—l.
’ i=1

Under that hypothesis, if a is in Sz, then a carry has to go through each subblock
of 1’s. Therefore each block is independent of the other ones. Moreover it can be
shown that we get an equivalence between r(a,t) > w(t) and Zle < Zgzl 7.

Proposition 6. [4, Proposition 3.8]

Pt,k:P

Formulated in a different way, it also means that for such ¢ € Z/(2F — 1)Z,
a € St is equivalent to ), €; < B = k—w(t) and we get the following proposition.

Proposition 7. [4, Proposition 3.9]

B-1
Py = Z H P(e;)
E=0 Zd e,=FE d
0<e;
where P(e;) is defined by
2 hi if e; =0,
P(e;) = P(e, = ¢;) = 2;3‘3" (260 —27¢) if 0 <e; < B,
2%i—27Pi ¢, 3 ,
2ozt if i < e

As soon as a given set of 3;’s and «;’s verifies the constraint min; o; > B — 1, the
above expression shows that the value of P, ; for the corresponding ¢ and k only
depends on the value of the §;’s. Furthermore it does not depend on the ordering
of the §;’s and so is a symmetric function of them, whence the following definition.

Definition 8. We denote by f4(f1,...,3q4) the value of P,y for any ¢ made of
d blocks, with that set of §;’s and any set of of a;’s such that min; o; > B — 1.
Obviously fy is a symmetric function of the 3;’s.

This function will be our main object of interest in this paper.
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2. A Closed-Form Expression for P,

The main goal of this section is to describe a closed-form expression of f; and its
properties.

After giving some experimental results in Subsection 2.1, we will prove that fy
has the following “polynomial” expression.

Proposition 9. For any d > 1, f4 can be written in the following form:

FaBuo By = > 4 Zefipll{BY, ),

I1c{1,...,d}

where P} is a symmetric multivariate polynomial in n variables of total degree d—1
and of degree d — 1 in each variable if n > 0. If n =0, then P} = 1(1 — Py), the
value computed in 44.

The proof of this result covers three subsections:

1. in Subsection 2.2, we split the expression giving fy; as a sum into smaller pieces
and establish a recursion relation in d;

2. in Subsection 2.3, we study the expression of the residual term appearing in
this relation;

3. in Subsection 2.4, we put the pieces back together to conclude.

Once this proposition is shown, we will be allowed to denote by a’(ii’?___ i) the
coefficient of P} (x1,...,2,) of multi-degree (i1, ...,%,) normalized by 3¢. In Sub-
section 2.5 we give simple expressions for some specific values of a‘é’fm i) 39 well

as the following general expression.

Proposition 10. Suppose that iy > ... > 4y #0 > 41 =0> ... >4, =0 and
m > 0. Let us denote byl the sum |l =i1+ ...+, >0 (i.e., the total degree of the
monomial). Then

d,n _ (_1\n+1 l d,n
Ui = (1) (il,m’i)bl,mv
with

n—m
d.n n—m
by = E, .
, 4 i
—0

1

d:: (d ; n) Z I+ Su_ m)!

j k;>0,j€10J,1<j<m

2k h—k Aky 11 Ak = 3k=0 77 _Chy1
S s ) | I I = T

k>1 jeJ "I jer

Within b;i’nri, the following notations are used:
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I={m+1,...,m+i};

J={n+1,....,n+j};

S = ZjeluJ,lgjgm kj;

h=d—m—j—1i;

and

J+1
;= G if j =0,
1 ifj=—1.
Here A; is a sum of Eulerian numbers and B; a Bernoulli number which are
described in Subsection 2.3.
Finally, we prove in Subsection 2.6 an additional property predicted experimen-
tally.

Aj+ B griso,
13

Proposition 11. For 0 < j <1,

ad,n _ i+ lad’n .
(i,d,--) j (i41,5—1,...)

i.e., the value of bfﬂrfb does not depend on m.

2.1. Experimental Results

For d =1, by [4, Theorem 3.6], we have

1

fi(Br) = %4%1 t3

The case d = 2 has been treated in [4, Proposition 3.12] and leads to a similar
expression:

h(B ) = g4 (30— )

+47P (%ﬁg — %) +47p (% - g(ﬂl + ﬁz)) :
In both cases, f; has the correct form and has been shown to verify Conjecture 1.
The tables in Appendix 4 give the coefficients of the multivariate polynomials
P} for the first few d’s. Graphs of some functions derived from fq are given in
Figures 2.1 and 2.1. All of this data was computed using Sage [7], Pynac [10] and
Maxima [9)].
Moreover looking at the tables in Appendix 4, some additional properties seem

to be verified. Here are some examples. The value of a’(iidm 1,0) is easy to predict:

d,d _ d+1o.
a0 = (DT
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0.45F

Figure 1: fq(8;) for 5; = 1,4 # 1.
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Figure 2: f4(5;) for 5; = 10, i # 1.
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we prove this in Proposition 28. There is a recursion relation between coefficients

with different d’s:
d,n+1 d,n =3 d—1,n

Qg yerin,0) T Uinyonsin) = OWinyennsin)’

this is Corollary 27. There is a relation between coefficients with a given d:

d,n o 1+ 1 d,n .
() — Qi41,5-1,..)

this is Proposition 11. All of these results will be proved in the next subsections.
It should also be noted that we already know the value of f;(1,...,1).

Theorem 12. [4, Theorem 4.14] For d > 1,
fa(loo 1) = .

2.2. Splitting the Sum into Atomic Parts

We consider a general d > 1. From Proposition 7:

B-1
faBr,- B =Y > [ Ple),

E=03),e;=E d
Ogei

where P(e;) has three different expressions according to the value of e;:

2= i ife; =0,
Ple;) = 2;1' (26 —27%) if0<e; < B
%2—@ if B; < e;.

Let us denote for a vector X € {0,1,2}%

e the i-th coordinate by X; with 1 < i < d;

Jre = wp(X) = |{i|X; = k}| for 0 < k <2
L4 BO,l = Z{i\XﬁQ} ﬂi;
) E1 = Z{i|Xi:1} €;.

We can now define subsets S% of the sum in Proposition 7 where each P(e;) has a
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specific behavior given by the value of the i-th coordinate of such a vector X:

B—-1 n

d
Sk = E HP(ei)
E=0 Y ,e;=E i=1
e;=0 if X;=0
0<e; <B; if X;=1
B;<ej; if X;=2

B—-1 . . .
_ —Bi 2% € —e; 2% — 270 —e;
= 3 ( IT 2 11 5@ -2 11 52 ) ,

0 Yge=E {i|X;=0} {ilX;=1} {ilX;=2}
e;=0 if X;=0

0<e;<B; if X;=1
Bi<e; if X;=2

&
Il

so that

fa(Br,...,Ba) = Z S%.

xe{0,1,2}4
Here we drop the dependency in the (3;’s for conciseness. The sum 531( already has

some properties of fy.

Lemma 13. S¢ is symmetric for each set {i | X; = k} where k € {0,1,2}. To
compute S{‘ﬁ where Y is any permutation of X, one has just to permute the (3;’s
accordingly in S%.

The previous lemma shows that it is enough to study the X’s such that
Jo J1 J2
——
X=(0,...,0,1,...,1,2,...,2).
The following lemma is obvious.

Lemma 14. S(do,‘..,o) —=9-X1 B gnd 5212’.”72) —0.

And when j = 0, S% has a simple expression.
Jo Ji
o . —— —
Proposition 15. If jo =0 and X = (0,...,0,1,...,1), then

Q*Zgglﬁi d ) )
= I[ +2-47P —3.27%)
i=jo+1

5%

Proof. This is a simple consequence of the fact that we can sum up in each e;
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independently:

. 27 L |
-3 ¥ Me-ro9-3n 1 3 e
4Oi§i<<'gidi=]‘0+l i=jo+10<e;<fB;

JoTlxts
9-B ¢
=5 I @ +227% -3
i=jo+1
_2_2491& f[ 14+2.47Pi —3.976i
i=jo+1 3 O

The next proposition is the key to our proof. It exhibits a recursion relation
between S}% for different values of d and will reduce the proof of Proposition 9 to
the case jo = 0 and the study of a residual term denoted by Tj‘é.

J J J
.. . /_/O\ﬁ /_/1\‘ /_/2\‘
Proposition 16. For jo > 1 and X = (0,...,0,1,...,1,2,...,2), we have
1—4~Pa
S?{ — QTS{;(_I - 2T§<7
where
4—Boa d Jo+Jj1
d _ i _ 4B € _
TX - 371+72 H (1 4 ) Z H (4 1) Z L.
i=jo+Jj1+1 0<e;<B; i=jo+1 0<e;,y. e;<Bo1—FE1
Jo+1<i<jo+j1 Jo+j1+1<i<d—1

Proof. Replacing P(e;) by its expression, we get

Jot+Jji o_ d
2 2& —9=h
Si:HQﬁIZ I 55e-2oy [ 52
i=1 0<e;<B; i=jo+1 Bi<e; i=jo+j1+1
Jo+1<i<jo+j1 > e;<B—Eq
Jo+j1+1<i<d
9—Bo,1 d Jo+J1 d
= ] a-4% > IT @i—27) > I 2.
3j1+72
1=jo+j1+1 0<e;<Bi i=jo+1 0<e; 1=jo+j1+1
Jo+1<i<jo+j1 > ei<Bo1—E1
Jo+j1+1<i<d

letting e; = e; — 3; for jo + j1 + 1 < i < d. We now explicitly compute the sum on
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€q:
; 9—Bo d 5 Jo+i1
—_ _ — i €; __ —€;
SX - 31+72 H (1 4 ) Z H (2 2 )
i=jo+j1+1 0<e;<Bi  i=jo+1
Jot+1<i<jo+ij1
d—1 d
D | )
0<e; i=jo+j1+1

> ei<Bo,1—E1
Jot+j1+1<i<d—1

d

]__4*@1 de1 4—Bo,
_ -1 _ A4 B
=2 3 Sk 23j1+j2 H (1—477) Z 1
i=jo+7j1+1 0<e;
> ei<Bo,1—E1
Jot+i1+1<i<d-1
1—47P 4y d
= QTSX —2T%.
O
2.3. The Residual Term T;
Jo J1 J2
d . —N— N
We now study the term T for jo > 1and X = (0,...,0,1,...,1,2,...,2) and show
that f; has the following expression.
Jo J1 J2

Proposition 17. For jo > 1 and X = (0,...,0,1,...,1,2,...,2),

1 s,
T = J[ (-4%)5%

372
i=jo+Jj1+1

where

. . k
4 Zt 1 Bi J2—1 ] _ 1 l Jo
Zd E 2 :| § < > § 2 Hd
X 3]1 2 — ]_ |: k,kj0+1,...,]€j0+j1 ﬁ X

=0 k+kj0+1+...+kj0+j1:l =1

1—47% —38,47P
=] :
3
{jo<i<jo+i1lk;=0}

6,y _ kj+1 § k;
11 (Akj<1—4 (e e

{G0<i<jo+irlk;#0}
+ Z < > ( Bj:i) ﬁ’“ﬂ"'>4ﬁj>_
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Also, X% is a sum for I C {jo + 1,...,50 + j1} of terms of the form 4= BN ey B
multiplied by a multivariate polynomial of degree in [B; exactly jo if i € I, jo — 1 if
1 <1 < jo, 0 otherwise, and of total degree jo + |I| — 1.

The end of this subsection is devoted to the proof of this proposition. This is a
quite technical part, but it is also of great interest to prove Proposition 10.
We denote by R% the sum at the end of T¢:

d
R = ) 1,
0<e;,y. €;<Bo,1—FE1
Jotj1+1<i<d-1

which is simply the number of js — 1-tuples of natural integers such that their sum
is strictly less than By, — F4; and by Ef§< the sum on the e;’s for jo+1 < i < jo+J1:

Bo.1 Jo+J1

e =D Y | (CEEY S

0<e; <Bi i=jo+1
Jo+1<i<jo+j1

so T¢ is given by
T¢=— [ (-4")=%.
i=jo+j1+1

We first check the proposition for j» = 1. Then R% = 1 and the sum %% to
compute is

4—Bo. Jo+i 4—Bo, o+ 48 — 1 — 30;
d __ e; _ _ 7
Y= 2 I e -v=——1I .
0<e; <B4 i=jo+1 i=jo+1
Jo+1<i<jo+j1
B 4= B Jotiv | 4-8i _ 33,4 P
B 31 H 3 ’
i=jo+1

so T¢ becomes

4= 1% B j‘ﬁl 1— 4P — 33,45

37 3

1
TE = 51 — 47Fa)
i=jo+1

which is what the proposition states.
Let us now proceed to a general jo > 1. In what follows B; is a Bernoulli

number [6, Formula 6.78] (here By = 1/2) and B] is an unsigned Stirling number
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of the first kind [6, Section 6.1]. We recall that the sum of the first n k-th powers
is given as a polynomial in n by

M k41 »
Zk k+1z< ; >B"”k+1 '

Here is a classical combinatorial lemma.

Lemma 18. Forn > 1 and m > 0, the number of n-tuples of natural integers such
that their sum is strictly less than m is given by

Z o n—l—m—l _in n 1
N n _n!li1 |

0<i;,1<j<n
jo1ig<m

Proof. This is indeed the same thing as the number of (n 4 1)-tuples of natural
integers such that their sum is exactly m — 1. O

Then the sum R% in T¢ for jo > 1, which counts the number of j, — 1-tuples of
natural integers such that their sum is strictly less than By ; — Ei, is given by the
following expression:

l k Jo+j1 N
. Z l(k7kjo+17 . ]0+Jl> (Zﬁl> H (@‘ - ei) .

ktkjgprtetkjgps, = =jotl

And ¥4 becomes

4—Boa Jo+j1

nd = 3j1’ > I @ -nr%

0<e; <P 1=jo+1

Jot+1<i<jo+j1
i 1
_ 4= i B ”z: o —1
3(jp — 1! &= | 1

k
X Gi | 1k,
Z <k’kjo+17"' Kjo+i1 <§; ) *

ktkjoi1 ko tiy =L i
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where Hgl( is defined as

sobit Jo+j1 Bi—1
% = 4~ =it B IT >3- ek —1).
i=jo+1 e;=1

We now study the different sums on e; according to the value of k;. We drop the
subscripts for clarity.
If £ = 0, then the sum is simply

B—1 B—1

. 7 . 4P -1-3p
dr-1n=> —h=—"0

e=1 e=0
When k£ > 1, we do the change of summation variable e = 3 — e, so that the sum
becomes
B-1 B-1

B—1
DB 1) =47 (B-e)f 1/ =) (B-0)"
e=1

e=1
B-1 B-1
=45 Z€k4—e — Zek.
e=1 e=1

The second part of this difference is related to the sum of the first n k-th powers.
Here we sum up to S — 1 so the formula is slightly different:

e=1

p—1 k

et = g (’“ i 1) B

e=0 =0

For the first part, the sum > | i*z? is a multivariate polynomial in n, z and 2"
of degree exactly k in n and 1 in z". More precisely the series Z?io i*2" is related

to the Eulerian numbers <l;> [6, Section 6.2] defined by

(1o
<’;>=(z‘+1)<ki1>+(k—i)<];—11> for k > 0,

and expressed in closed form as [6, Formula 6.38]

()5 e

Jj=0

The series is then given by the following classical formula for £ > 1 and |z| < 1:

o] Z_];:O <k> Zj+1
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The formula for the truncated sum is slightly more involved as stated in the next

lemma.

Lemma 19. For k> 1 and |z| # 1,

2": wi Lo Aok j)F (Zf:o *) (zjzo Ai(k,j)zjﬂ) n) "
12 = (1— z)k+1 (1= 2 ,

i=1

where A;(k,j) is defined by the same recursion relation as <?> and the initial

conditions: )
Aiod) = i+ 1) = (-1 (1),

In particular, Ag(k,j) = <I;> and we have the simple recursion formula for i > 1:

Az(ka]) = Ai—l(k_ 17.7) _Ai—l(k_ 13.] - 1)

We are interested in the case where z = 1/4,n = —1and 1 < k < jo — 1, which
is written as

S Y Ak )
DM = e
(S0 () (Shig Auth, pa=i=1) ) 4=
R (3/4)F+1
(Shoo Ak, )47 ) 5540
- (3/4)F+1 '

Beware that we are summing up to § — 1 and not 3, so the expression is slightly
different from the one above.
Moreover we have the identity given in the following lemma.

Lemma 20. For 0 <i <k,

k k+1
3 Ai(k, )47 =4 Apa(k+1,5)477.

Jj=0 Jj=0
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Proof. Indeed,
k41 k41

4> Ak + 1, )47 =4 (Ai(k, j) — Ag(k,j —1))4~
j=0 7=0

k k+1
=4 Ak, A 4> Ak, - 1)4™
j=0 j=1
k

k
=4 Ai(k, )47 — 4> Ak, )4 !
j=0

=0

k
=3> Ai(k,j)47.
=0

Whence the following definition.

Definition 21. For i > 0, let us denote by A; the quantity

i N g ’ DY et
Yoo Aoli AT 2= <]>

A O N 2V

The first few values for A; are given in Table 2.

i= 0 1 2 3 4 5 6 7
A, = 1/3 4/9 20/27 44/27 380/81 4108/243 17780/243 269348/729

Table 2: A; for0<: <7

Then the following corollary of Lemmas 19 and 20 gives a simple expression of
the sum.

Corollary 22. We have

B—1
Z eka—e = Ay — (
e=1

k

I
-

(f) A,“ﬂi) 478 — 4A,8F47F.

I
o

i
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So for k£ > 1, the sum becomes

k1 '
—1) = Ap4° — Z <i>Ak—iﬁz

Ap(4P —1) -

(k + 1) iﬁk+1_i

— 440"
=0
1 k
=o
k .
Z <‘>Akﬁk_l — 44,8"
im1 \!
1 k
S SSLART TS
L okr1 9ok
k-i—lﬁ 6/8

NS kt1—i
12( Z )Biﬁ_‘—l
X 1

l+ kz
- : i+ I
> (1) (a0 51)

18

According to the above discussion about the different sums on e;, Hgf can be

expressed as

= 4~ 2%

{Go+1<i<jo+411k;#0}

{do+1<i<jo+i1|k;=0}

{Go+1<i<so+d11k;#0}

4% —1 - 3B,
3

{Go+1<i<jo+i1k;=0}

) 1
A Bi 1y — 3"
< ki (4 1) kj+1"7

S (1) (e

1—47P — 38,47 P

3

ﬁkj-u _

B, 5 k;
<Ak:j(1_4 Piy — (k +1ﬂk +1+65;]

E)e

BH—I

Bz+1

)

Hence 1%, X4 and T¢ are all as stated in the proposition. The values of the

degrees of the multivariate polynomials follow from the above expressions.
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2.4. A Polynomial Expression

We can now prove a first step towards Proposition 9. We show that 531( is a product
of exponentials in basis 2 and 4 (but not only 4 !) by multivariate polynomials.

J J J
i e . /_/OH/_/IH/_/;
Proposition 23. For jo >0 and X = (0,...,0,1,...,1,2,...,2),
_ 2T 8iy (gi—d» _ =d
—Pi —J2 =
SX:@ H (1-4 )(Sx _~X)7
i=jo+j1+1

where

j2—1 ) .
EdX — 2 2—12§;j2+1+’b
=0

4:21‘;1@- joml (=l o i
ity

=0 i=l

. k
l > Jo d
(kv kjo-‘-lv SRR kjo+j1 <i—1 X

ktkjot1+.Fkjo+i, =l

E% is a sum for I C {jo+1,...,50 +j1} of terms of the form 4= X321 BT e Bs
multiplied by a multivariate polynomial of degree in 3; exactly jo if i € I, jo — 1 if
1 < < jo, 0 otherwise, and of total degree jo + |I| — 1.

Proof. The proof goes by induction on j, > 1. For jo = 1, this is Proposition 16.
Suppose now that jo > 1. From Proposition 16,

1—4-ba
Se = 2ngl;1 —2T¢;

by induction hypothesis on jo

d—1

1 — 4—Ba 9j2—1 .
S¢=2——m—o [ -4 (s =) —or

1=jo+j1+1

; d

972 ,
-5 II a-+7 (S;’l;” - E;i;l) — o1,
1=jo+j1+1
using Proposition 17, we have

1 d

i=jo+j1+1
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so that
i L i _
SSI( — 5 H (1-— 4—57',) <SX—J2 _ EX—I - 2—]2—&-12?()
i=jo+j1+1
; d
232 s dei —d
~ II a-a2(sy-=4),
i=jo+j1+1
whence the proposition. O

In fact as soon as we know that S¢ is a sum of exponentials multiplied by multi-
variate polynomials, we know which ;s can appear in the multivariate polynomials.
Indeed, as it is a fraction of f,, we know that S% is finite and even bounded be-
tween 0 and 1 for every tuple of 3;’s, so that S;i( would explode as §; goes to infinity
whereas the other ones are fixed if this ; appeared in a multivariate polynomial,
but not in the exponential.

We can now prove the final step towards Proposition 9. We claim that for
Ic{1,...,d}, S¢ that we define as

= Z Sx
{X|X,=2 if i€1,X;#2 if i@I}
already has an appropriate form, whence Proposition 9 because

faBroBa) = Y SE

Ic{1,...,d}

For I,J C {1,...,d} such that I NJ = (), we define X(I,J) as the only vector
in {0,1,2}" such that
2 ifiel,
Xi=¢ 1 ifiel
0 otherwise.

We denote S¢; ;) simply by S7 ; so that
St=>Y" 5%,
JcIe
We define in the same way Tf‘f ; and T¢ and so on when I # 0.

Proposition 24. S¢ is a symmetric function in the 3;’s such that i & I, as well as
in the B;’s such that i € I.
For I =0, we have

1
Sg: _d Z 2“]‘472_7‘6Jﬂj’
Jc{1,....d}
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and for {d} C I ={jo+ 751 +1,...,d}, we have

si=2 : 1—47P) (S50 —=¢
i=5 I« ) (s47 -=1).

i=jo+j1+1

For {d} Cc I = {jo+j1+1,...,d}, E¢ is a sum for J C I¢ of terms of the form
4= X es B multiplied by a multivariate polynomial of degree in 3; exactly |I|ifj € J,
0 otherwise, and of total degree min(d — 1, |I| - |J|).

Proof. This assertion does not depend on the exact value of I, but only of |I|, even if
the value of Sjl does: one has to permute the 3;’s to deduce one from another. Hence
we can assume that I = {jo+j1 +1,...,d}. The symmetry of S‘Ii in each subset
of variables follows from its definition. The proof goes by induction on j, = |I.
Suppose first that jo = 0, i.e., I = . We go by induction on d. For d = 1,
2 1

So = S(o) + Sty = f(B) = 547& t3

Suppose now that d > 1. We have

Sg = Z Sg,J = Z Sg,J + Z S(Zi,J

Jc{1,...,d} Jc{1,...,.d—1} {d}ycJc{1,...,d}
20d 4 2.27Pa 3
_ o—Bagd—1 -3 d—1
=2 dS@ + 2774 3 SVJ
2-47P1 41 1
_ [T =2 iy Bs
- 3 3d—1 Z 2M4 rer
Jc{1,...,d—1}
= id Z ollg=Eser P,
JcA{1,...,d}

using the induction hypothesis on d, which proves the proposition for I = ().
Suppose now that I = {jo + j1 + 1,...,d} is not empty, so that that d > 1. Then

d __ d
St = Z ST
JC{1,....50+51}
d

272 s de i _

= 2 302 II a-4% (51,sz - :?,J)

JCA1,....50+71} i=jo+j1+1

972 d dei
O | IR T ST

t=jo+j1+1 JCA{1,....50+71} JC{1,..,jo+d1}
. d

9J2 .
_ A B d—j2 _ =d
-5 I -+ (s@ _I) . -

i=jo+j1+1
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Proposition 9 is a simple corollary to the last proposition and hence is finally
proven.

2.5. The Coefficients a®™ .
(i1ye00s%m)

We can now properly define the coefficients appearing in the multivariate polyno-

mials.

Definition 25. We denote by a?iln... i)

degree (i, ...,i,) normalized by 39.

the coefficient of P} (z1,...,x,) of multi-

It should be remembered that d is the index of the function fyz, n represents
the number of 3;’s appearing in the exponential in front of the polynomial and the
i;’s the degrees (potentially 0) in each of these ;’s of a monomial appearing in PJ.
This does not depend on the ordering of the 7;’s because PJ is symmetric, so we can
suppose that (i1 > ... > 14,). Moreover aé’ﬁm’in) =0assoonas )y, i; >d—1.

Lemma 26. For d > 1, we have f4411(B1,...,04,0) = fa(B1,-..,B4)-
Proof. This is obvious from the expression of f4(31,...,34) as a sum. O

Hence we obtain a simple recursion relation on the coefficients of P}.

Corollary 27. Ford > 2 and 0 < n < d,

ad,n-‘rl d,n

_ d—1,n
(i1,0in,0) T O

ilyu@n) - (7;1:~~~7in).

. . . d
We now give closed-form expressions for the coefficients a ;:L i)
Here is a simple proposition proving an experimental observation.

Proposition 28. We have a?ifl”.’l)o) = (-1)4*12 and a?l’fl:ll) = (—1)%2.

Proof. From Propositions 24 and 23, the monomial of multi-degree (1,...,1,0) in
ngl and Pj comes from Sf{id}, within it from Sfll 12) Moreover

2

d - d—1 —=d

5(1,...,1,2) = 5(1 —4 gd) (5(1,._4,1) - :(1,‘..71,2)) )

so it is clear that a‘(iidm 10) = fa?idill). The coefficient a?id:ll 0) must come from

E?l.... 1,2) 5O that

—_
—
—

d—1 —8;

d I 1 1— (14 33)4 P

(1,-51,2) = 3d—1"(1,1,2) T gd—1 H 3 )
i=0

and we finally have

1,..,1,0) — 3 33d—1
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More generally, we have the following expression for a monomial of total degree
d—1.

Proposition 29. Suppose that iy + ...+ i, =d—1. Then

-1 n+1
dn o= QL
(41,09%n) 21!...’Ln!

Proof. We can suppose that ¢y > ... > 45, # 0> 4;,.1 =0 > ... > 4,. These
notations are coherent because the different constraints on the degrees show that
such a monomial can only appear in S when j; = |{i;|i; # 0} and j» = d — ji, so
that this coefficient only comes from

d

2j2 o dei _
5211,...,1,2,...,2) =35 H (1—477) (S(L‘j‘il) - :((11,...,1,2 ..... 2)) .
i=j1+1

Moreover within E‘(il 1,2,2) it can only appear in E‘(ifz 1,2,...2) when ¢ = 0. Look-

ing at the expression of HdX, we have the following expression

am i () [ jo—1 d—1-j \{ 1
(=) (=)L . S —
a(ll)nwln) ( ) ( )(‘72*1)' d*lf‘jl il *1,...,7:]'1 71 jr=[1 ('Lj 71)4’1

_ =M [jg—l]( ja—1 )ﬁ 1
(o = D! 2 =1 \in =1, dgy = 1) L4 (G — 1) + 1
(_1)n+1 5 (_1)n+1

Zl!...ljl! leln'

As a corollary, we get the following dependence relation.

Corollary 30. For0<n<Il<d-—1, and }J}_ i; =1,

d—l1
d - l d7n+.j _ 0
o) ,,0,.,0 = U

=\ J
Proof. The proof goes by induction on d — 1 —[. For [ = d — 1, this is the previous
proposition. For [ < d — 1, one uses the induction hypothesis and Corollary 27. O

Finally, here is the general expression for a‘é’fm i)

Proposition 10. Suppose that i1 > -+ > iy # 0 > Gppr1 =0 > ... > 4, and
m > 0. Let us denote byl the sum l =i+ ---+1i, >0 (i.e., the total degree of the
monomial). Then

l
d.n d,n
Uirin) = (—1)”“(. _ >bl)m,

11y.-+50ln
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with

)d” (dfn> 5 (z+5“—m)!

k;>0,j€TUJ,1<j<m

(Saslise

H

3 - C.._
XH . OH|kk_11|v
jer

Within bl ", the following notations are used:
e I={m+1,..., m+i};
e J={n+1,...,n+j};
e 5= ZjeluJ,lgjgm kj;

e h=d—m-—j—1i;

and
A+ fll if 7 >0,
Cj = 163 if j =0,
1 if j = —1.

Proof. If X; = 2, then the degree of 3; in S’gl( is zero. If X; = 0, then 4=Pi can
be factored out of S¢ and B; will appear in every exponential. Therefore we can
consider only X’s which verify the following constraints to compute a((ile,...,in)
0,1 if 1 <j<m,
X;=4¢ 0,1,2 ifm+1<j5<n,
1,2 ifn4+1<j<d

)

From Proposition 23,

272 L dei _
si=% II -4 ﬁa)(sxﬂ—:g()7
{j1X;=2}

and the monomials of non-zero degree only come from EdX.

Moreover Egg can be written as

r r B2
i3 (B
3 k20T, 22 Nimo M 2%, Ki

(Zanah)! [ & |m.

Mgz Bt \ 320
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So to get a multinomial of multi-degree (iy,...,i,), different choices can be made
for the k;’s.

o If X; =0, then we must take k; = ;. This happens for 1 < j <n.

o If X, =1, then we can take any k; > min(i; — 1,0) and take into account the
correct coefficient in I1%. This happens for 1 < j <d

o If X; =2, then there is no choice to make. This happens for m+1 < j <d.

In the following sum, we gathered the contributions of all X’s. We denote by I
the set of indices m 4+ 1 < j < n such that X; =0,1 (the other ones are such that
X, =2) and by J the set of indices n+ 1 < j < d such that X; = 1 (the other ones
are such that X; = 2).

The summation variables k; where j is in U J or [1,m] are to be understood as
the degree we choose in the above expression of 2. Following the above discussion
on the choice of the k;’s:

o If j € J, we can choose any positive degree k; and extract the constant
coefficient Ay, .

e If j € I, we can choose any positive degree k; and we extract the constant
coefficient Ay, as above if k; > 0, and Ag — 3 if k; = 0 (the —3 comes from
the choice X; = 0 which gives 1 =3-1/3).

e Finally, if 1 < j < m, we have to choose k; > i; — 1, and the corresponding
coefficient is ﬁ = % ifkj =1;—1,5/6 -3 =—13/6if k; = i; (as above the
) B, —i; . .
—3 comes from the choice X; = 0) and (’fj) (Akj_ij + %) if k; > ij.
We denote that coefficient by Dy,

ot
We denote by S and h the quantities S = 3. <j<m kj and h = d—m—|J|—[1].

d
Then a;" . | can be expressed as
(i1,eenyin)

ad,n _ (_1)n+1 Z Z S!

(i150058n) — ) EATT™ . kol
IC{m+1,..n} k;>0j€IU] H]EIU] j-]._.[_]:1 3
JC{n+1,...,d} k; >i;—1,1<j<m

k _ m
Z (h—2_ Al |:h S k‘:| H Akj H (Akj - 3k].:0) H Dy, ;-
j=1

k>1 jeJ jel

Extracting the binomial coefficient of Dy, ;., we can factor out the multinomial
l

coefficient (i1 in) (remember that [ was defined as [ = Z?Zl ij):
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n n l S! 2 [h—k
aG sy =1 +1(il,...,i) 22 Z(hk)!{ s ]

Ic{m+1,..,n} k;>0 ! k>1
JC{n+1,...,d} jEIUJ
>ij—1
1<]<n1

I

3k 0 11 Ck—i,
T | R

jeJ tojer
where 5
Aj + j{:ll if >0
C; = —% ifj=0

1 if j=—1

The exact values of I and J are not important, only their cardinalities are, so
defining I ={m+1,...,m+itand J={n+1,...,n+j},

TR ST R b St (kD ol U IS S
(1e0nstn) iy ein) & i =\ j !

k;>0,5€IUJ
kj>i;—1,1<j<m

We finally make the change of summation variables k; = k; —i; + 1:

n—m d—n
" n ! n—m d—n l+S5—m)
=, ) (S () S
(A 7% i—0 1 =0 ) 130 I

JEIUJT
i<j<m

Akj AkJ - 3]€J:0 e ij71
il ] 11 % 1)1
Jj=1

jeJ 7 jer

Sl )| 1

k>1
— 0_1)n+1 l bin.
ila'~ -7in hm

2.6. An Additional Relation

In this subsection we prove the following experimental fact.
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Proposition 11. For 0 < j <1,

d,n _ i+1 d,n 3
(de) = T L1

i.e., the value of bﬁ;ﬁ does not depend on m.

Proof. From Proposition 10,

l
d,n n dn
a(ih'“vin) = (_1) +1<. ) )blm'u

11y-++510n

n

where bim only depends on d, n, [ and m. Therefore if 5 > 1, this value does not
vary and the theorem is a simple corollary of Proposition 10.

If there is some degree equal to zero in (i, 4,...), i.e., if n > m, then we can use
the result of Corollary 27:

d,n

dn—1 __ d—1,n—1,
A j,....0) T @ =3

(ige) = 2%ig)
hence we can restrict ourselves to the study of tuples where n = m.

Finally, the only tuples we must treat are the ones such that ¢ > j = 1 and
n = m. We write the degree i # 0 in first position even if it not the greatest one.
Then

l
d,n _ n+1 d,n
Ay = (1" <21> b

l
d,n _ n+1 d,n
a(i-i—l,...,O) - (_1) <Z+ 1’.“70)bl,n1’

so it suffices to show that bi’s = bmﬂl.

We use the same notations as in Proposition 10 except that S and h denote the
quantities S = [ + ZjeIuJ,lgjgnfl kj —nand h =d —n —j. For b;{’s, I must be
empty:

d—n

=3 () xR

j=0 k;j>0,j€J,1<j<n
2k h—k Ak, 70 Cry—1
<2 (h— k) [SmJ k| 11 &y — 1|1
k>1 jeJ Jj=1
S E e
R O Ry NP P Ly L e ks =1
2k h—k Crp—1
| a1
x D (S+ k) = %) [S+kJ e — 11
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whereas for b*™ .. I can contain n:

l,n—1°
1 d—n
fnea = Z(JZ( j 2. I
i=0 i=0 k;>0,j€IUJ1<j<n—1
Z 2k [h +1—Fk— i]
o h+1-k—il[ S+l

3 o= O

H H — H kk_f'

| |
d—n d—n 1 Akj n—1 ij71
_Z< j ) 2 I kj!H\kj—lll

k;j>0,j€J1<j<n—1 " jeJ j=1

2k h+1—k
X(S+D!§:m+1_ml{s+1]

E>1
ok h—k Ag, — 3k,=0
k 1 ! 'n, n
P DICR R DY ey {S+kn+1} e — 1!
kn>0 E>1

The sums on j and k; for j € J and 1 < j < n — 1 are identical, so it is sufficient to
show the equality of the remaining terms, or that A defined as

B (S + k»)! 2% [h—k
A"Ez\m—1u ;;m—@!s+kn Crmt

kn>0

2 h+1—k
'%S+U!§:m+1m![s+1]

k>1
(S+kn+1)! 2k h—k

2 Tl \ 2 T S k1) | (A Bra=0)
kn>0 k>1
is zero. We split out the first two terms of the first sum indexed on k,,:

51 §: 28 Th—k —lis+1y E: 28 Th—k

' (h—k)| S 6 ' (h—k)!|S+1] ]’

k>1 k>1

and the first one of the second sum indexed on k,,:

]
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so that A becomes

_ (S + kn)! ok h—k By,
A= kn — 1! Z(h—k)! Stk | \Arer T
kin >2 k>1

+S!<};(h27kk)!{h;k]) %(S-ﬁ-l) (;%[g;ﬂ)

2k h+1-k (S 4 kn +1)!
_(5“)!(;(“11@)!{ S+1 D_Z e — 11

kp>1

(Satmlstas ) m

Making the change of summation variable k, = k, + 1 in the second sum on k,,
the terms in Ay, cancel out between the two sums on k,, and we get

. kz>:2 S*’f” (;;(h%kk)‘ [S}}Hﬁ) By, + BoS! (;(hiikk)' [hsk})
+Bl(s+1)!(§wi—%[g+’i})_(5+1);(k221m+217’“_k)! [hg—luk])
—(S+1)! (;;(h%k—k)'[h;iﬁ})
B S!,; (h Zkk)l (k%o (S J;k">B;.m {Sh;:n])
—(S+1)! (;;(hﬁlikk)'[h;izﬂ)

S+ kn h—k S+1 [h+1-k
o oY I R )

k>1

The difference in parenthesis is shown to be zero using Lemma 31, so that A = 0. O
Lemma 31. Forn >k >0,

i: k+1 B n k:—i—l n—+1
e+l ny1|k+1|

=0
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Proof. Let us fix k > 0. We first recall classical results about exponential generating
functions:

Z" z
§ Bn ] = >
n! 1—e

n>0

3 [f] 2 - st )

n>0

We now form the exponential generating function of the coefficients of interest:

S(S 0 ) 3-S5 -5 0 sl

n>0 \l=k 1>k n>l 1>k n>1
—log(1 — 2))!
—Z()sz g(l' )
1>k ’
_ (=log(1—z))* log —log(1—2))""*
= B
Z - k = k)
1>k
_ (~log(1 — 2)F =, (~log(1— 2))'
- k! 2B I
1>0
(~log(1 - 2))* —log(1 - 2)
= ol 1 elog(i—2)
_ k+1(—log(1— z))k+?
oz (k+1)!
_k+1 n |z" k+1[n+1] 2"
=X {kﬂ} H_Znﬂ [k+1] nl’
n>0 n>0
whence the identity of the lemma. O
3. Asymptotic Behavior
In this section, we study the behavior of P, = f4(81,. .., 84) when a given number

of B;’s go to infinity. To this end, we take advantage of its probabilistic nature
which is described by Proposition 6.

Proposition 6. We have

P=P

§”’<§5'1'
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In Subsection 3.1, we study the case where all of the (§;’s go to infinity and give
useful closed-form expressions for the limit towards which it converges, as well as
the behavior of this limit. In Subsection 3.2, we consider a more general setting and
give relations involving the limit of f; when a 3; is set to 1 while the other ones go
to infinity.

3.1. The Limit f4(oo,...,00)

We denote the limit of f; when all the 8;’s go to infinity by fi(oo,...,00). The
expression of f; given in Proposition 9 shows that this value is well defined and is
nothing but the constant term PJ in that expression.

In this subsection we give several expressions involving Gaussian hypergeometric
series which are defined as follows [1, Formula 15.1.1].

Definition 32. The Gaussian hypergeometric series o F; (a, b; ¢; 2) is

where ¢ ¢ —N and (z), = z(z+1)(x+2) - (x +n—1) is the Pochhammer symbol
and represents the rising factorial.

It should be first remarked that, as all the 3;’s go to infinity, the probability
distributions of the +/’s and the 4}’s converge towards the distributions of inde-
pendent geometrically distributed variables with parameter 1/2. From now on
let G1,...,G4 and Hy,...,H; be 2d such independent random variables. Then
P, =P[) v <> 0] converges towards

d d 1
pe <ZH] =3 (1—P
i=1 =1

This quantity is obviously strictly lower than 1/2 for any d > 0 and the above
discussion therefore proves that the conjecture is asymptotically true.

P

o))

i=1 i=1

We now look for an explicit expression of this limit.

Definition 33. Let X, be the random variable

d d
Xa=D Gi=) Hi
i=1 i=1

and let P; denote
P;=P[Xy=0].
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With these notations,

fd(OO,. . .,OO) = Pg = %(1 — Pd),
whence the importance of the random variable X.
First, it is readily seen that X, is symmetric, i.e., P[Xq = k] = P [Xq4 = —k]. So
studying P [X4 = k] for k a positive integer is sufficient.
Second, to get an explicit expression for P [Xy = k], we need the following easy
lemma giving the probability mass function of a sum of d independent geometrically
distributed variables with parameter 1/2.

Lemma 34. For j >0,

d .
. d—14+j\ 1

It is then possible to express P [X, = k] as a hypergeometric series.

Proposition 35. Ford>1 and k > 0,

11 X(d—1+5\(d—1+k+5\1
rixa=i= gz 3 (L) (T )
11 (d—1+k
442k \  d—1

4;

so that
1 & -1+ 1
Py=P[X;=0] = _dZ( ]) o = qaefi(ddL1/4).
7=0

In particular 37 < Py < H?ﬁd%. Moreover P, = 1/3 and P, = 5/27.

Proof. To get the expression of P [Xy = k] as a power series, the idea is to split it
according to the value of one of the two sums of d random variables (the value of
the other sum is then also fixed) and to use the above lemma:

oo d d
PX4=k=>_P EGz—] S Hi=j+k
i=0 =1
Joo d d
=y r ZGz—J > Hi=j+k
=0 i=1

1l N [d—1+j\[d-1+k+j) 1
—wry () )
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This power series is easily seen to be equal to
11 /d-1+k
d

1 ok 1 >2F1(d,d+/€;k+1;1/4).

Setting & = 0 in the above expressions gives

—-1+7\"1 1 >
Py=P[Xy=0]= 4dZ( . ) o = g2Fi(d di151/4).

This power series can be bounded from below by
—1+45\1 1 1 1
4d2< d—1 >4J_E(1—1/4)d_3_d’
and from above by
1 + 2d4=2+3 1 292 fd—1+j5\1 242
471+z N oL L _2E
44 43 44 44 = d—1 )27 44

14497t —2d=2 143.2072

which gives the desired inequality.

Finally, if d = 1, then (d;:Lj) =1, so that the sum becomes

111
"YTa1-1/a 3

and if d = 2, then (d;i?) = j+ 1, so that

Lo G+1)? 157
P=pd 5 =il
J=0 7=0
(L)
4 3 2
Na-9)" (-3
2 1 5
= =2 O
27 + 9 27
When the number of blocks, d, goeb ab well to infinity, fy(oo,...,00) converges
towards 1/2. Indeed 57 < Py < 41d +3 i Qd converges towards 0 as d goes to infinity.
As we show below, 1t does so monotonically so that fg(co,...,00) goes to 1/2

monotonically as well.

A first step towards proving the monotonicity of P, in d is to study the spe-
cial case d = 1. In this case the value P [X; = k] has indeed a short closed-form
expression.
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Lemma 36. Ford=1,

P[X1:k]:P[Gl:k+H1]:§:P[G1=i]P[H1:k+i]

oo

1
- ZZ; 9it1 2k+1+1 - 2k+2 Z 4
1 4 11
T okt23 39k O

In the general case d > 1, it can also be proven quite directly that the maximal
value of P[Xy = k] is attained for k = 0.

Lemma 37. Ford>1 and k # 0, we have P [Xy =k] < P[X4=10].

Proof. Consider the real Hilbert space H = [?(Z, R) of square summable sequences.
It is equipped with norm-preserving translation operators 75, defined by (7u); =
uj4% for a sequence u = (u;)jez € H. Consider now the sequence u(® € H defined

by d d
=P ZGizj =P ZHi:j]
i=1 i=1

whose exact values are given in Lemma 34 for j > 0, and u;d) =0 for j <0.

Then, as shown at the beginning of the proof of Proposition 35, we have

e’} d d
P[X;=k = Z ZGi:j P ZHZ-:jJrk = (D, 7y D)
j=0 Li=1 i=1

where (-, ) is the scalar product of H. We now use the Cauchy-Schwarz inequality
and the fact that 75 is norm-preserving to conclude:

P[Xy =k = (w9, rul <\/ ), u @) (1D, @) = (uD WD) = P[Xy4=0]

(We remark the Cauchy-Schwarz inequality is strict here because u(¥ and 7ju(%)
are not proportional when & # 0.) U

Combining Lemmas 36 and 37, we get the monotonicity of P in d.

Proposition 38. Ford > 1, we have Py > Pyi1.
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Proof. We have

Py = P[Xd+1 = 0] = P[Xl + Xy :O]

= io P[X, = —k|P[Xy= k]

k=—o00
00 1
= D gomPXe=H

—+oo
1
<Y 5o P Xa=10]
k=—o00
<P[Xd:0]=Pd. U
Corollary 39. fy(co,...,00) converges monotonically towards % as d goes to in-
finity.

Now that P[X, = k] has been expressed as a Gaussian hypergeometric series,
we can use classical transformations to obtain other closed-form expressions for it.
Here is a first example.

Proposition 40. We have

2k d—1+k
d—1

_ —1+] 23 S
=372 2/37%.
(756

Proof. Tt follows directly from the quadratic transformation [1, Formula 15.3.27]:

>2F1(/€+ 1/2,d + k; 2k + 1;8/9),

1 4./z
F ja — 1;2)=(1 “2a,p - —:2a — 2 1, ———
2 1(0;,1),& b+ 7Z) ( +\/E) 2 1<a7a b+ 9’ a b+ 7(1+\/E)2>7

valid for |z| < 1. We obtain the following expression where we shift the summation
index j by k.

—1+k+j 2k 4+ 25\ i o
P[Xd: 32d+2kz< )( j )2J3 ’

_ 1+J 2j P02
=372 213721,
Z( )<k+j) 0

This expression is interesting because it can be used to strengthen Proposition 37.
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Corollary 41. For d > 1, X, follows a unimodal distribution centered in 0, i.e.,
P[Xy4 = k] grows for k <0 and decreases for k > 0.

Proof. Indeed, P[X; = k] is an even function of k and for fixed j > 0 and k > 0
each summand of the expression given in the proposition decreases as k grows. [

Moreover, specializing this expression at k = 0 yields an expression for Py where
d appears only twice.

Corollary 42. Ford > 1,

e S ()

Finally, we give the other closed-form expressions for P [Xy = k] which can be
deduced using linear transformations. They are of particular interest for actual
computation because they express P [X, = k| as a finite sum.

Proposition 43. Ford > 1 and 0 <k,

1.
4=t (d—1+k
2k32d 1 Z ( ) (d;}’:“;—k) (kkﬁ'gj)zl—j Zfd—1< k ’
2.
2k (d—1+k
P[Xd:k]:—3d+k< P )zFl(k+1—d,k+d;k+1;—1/3)
A S (I (s f0sk<d-
gt oo~ (T (RIY)3 T ifd—1<k
3.
1 (d—1+k
P[Xd:k;]:2k—3d< d—1 )2F1(d,1—d;k—|—l;—1/3)

1 S d—145\ (d—1+k
 2k3d < d—1 k+j
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Proof. The first expression comes from Euler’s transformation [1, Formula 15.3.3]:
oFi(a,b;c;2) = (1 —2) % % Fi(c—a,c—b;c; 2).

The second one from Pfaff’s transformation [1, Formula 15.3.5]:
oFi(a,b;c;2) = (1 —2) % Fi(c—a,b;c; 2/ (2 — 1)).

The third one from the other Pfaff’s transformation [1, Formula 15.3.4]:

oFi(a,b;c;2) = (1 — 2)" % Fi(a,c— b;c; 2/(z — 1)). O

Setting £ = 0 in the above expressions yields expressions for Py as finite sums.

Corollary 44. Ford > 1,

1 d— 2
Fi= gg2Fi(l—d, 1~ d: 1:4) = ( )

d—1
1 1 — 1445\ [d—1\._.
:fQFl(lfd,d;l, 1/3 = — ( )( . )3 J.
3d Sng:(:) j

It can be verified, in an elementary way, that both of these expressions for Py
are actually equal by writing 4 = 1 + 3 in the first one, developing the power using

the binomial theorem, and using the identity

2n+k\ zn: n\ (n+k
n+k) “~\j)\j+k)’
7=0
which is a special case of the Chu-Vandermonde identity.

3.2. The Limit f4(1,00,...,00)

In the previous subsection we studied the behavior of Py, = fa(51,...,04) as all
the f;’s go to infinity. We will now fix a subset of them to 1 and let the other ones
go to infinity. As was the case in the previous subsection, the expression of fy given
in Proposition 9 shows that such limits are well-defined.

Recall the distribution probability for €; =~ + §; — ¢} given by Proposition 7.

Proposition 7. Fore; >0,

2~ h if e; = 0,
—B; e —e; .
P(G;ZBZ‘): 2?(?[;72 1) Zf0<61'<ﬂi,
%2—@ if Bi < e;.
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Therefore, if we set 3; = 1 and let ; go to infinity for some i € {1,...,d}, Propo-
sition 7 shows that € has a similar behavior to those of 4/ and ¢/: its probability
distribution converges towards the distribution of an independent geometrically dis-
tributed variable with parameter 1/2. Then we have a probabilistic interpretation
for

i d—i
. ————
hm. .fd(]-7 ) 17ﬁi+1a s 7ﬂd)7
Bj—00,5>1
@ d—i
which we denote by f4(1,...,1,%0,...,00).

As in the previous subsection, let G1,...,Gq4 and Hq, ..., H; be 2d independent
geometrically distributed variables with parameter 1/2 and X} denote the random
variable X = Zle G — 25:1 H;. Then

i d—i
= lim P

Bj—00,5>1

Z,Y/ <25/]

d d

Ze'—l—Z'y' <i+25']
% d—i d—i

d d—i

=P | Gj<i+) H,

=1 j=1

= lim P

Bj—00,5>1

d
=P | X4 i+ Z Gj<i
j=i+1

The first few values of such expressions computed using the closed-form expression
of f; described in Section 2 are given in Table 3.

i= d d—1
d=1|1/2 1/3
d=21]1/2 4/9 11/27
d=3|1/2 101/216 4/9 35/81
d=41]1/2 619/1296 112/243 328/729  971/2187
d=5|1/2 15029/31104 10969/23328 112/243 2984/6561 8881/19683
d=6|1/2 90829/186624 2777/5832 1024/2187 9104/19683 9028/19683 2993/6561
Table 3: f4(1,...,1,00,...,00) for d > 1
Using this probabilistic interpretation, it is possible to express f4(1,00,...,00)

using fq(oo,...,00) = P = 1/2(1 — P;), and so to compute it using the short
closed-form expressions of the previous subsection.
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Proposition 45. Ford > 2,

3 1
fa(1,00,...,00) = §fd(oo,...,oo) - ifd_l(oo,...,oo).
Proof. We equivalently show that
1 2
fa(oo, ..., 00) = gfd,l(oo,...,oo) + §fd(1,0<>,...,oo)7
i.e., written in a probabilistic way:
1 2
P[O < Xd] = gP[O < Xd—l} + gP[Xd—l <1- Gd] .

The first step is then to split X4 as Xy = X4—1 4+ X7 in the left side of that equality.

P0< X4 =P[0< Xg 1+ X]= ffPMﬁ:ﬂP}ﬁ<X¢ﬂ

i=—00

W =
'Mg
1\3|,_A

s
Il
-

Z%P[O<Xd_1]+ (P[Z<Xd 1]—|—P[ i<Xd_1])

(P[Z<Xd 1]+P[Xd 1<Z])

W =
.Mg
l\)|,_.

N
Il
—

1
= §P [0 < del] +

- (P[Xa—1 #1])

W =
_Mg
l\')|,_.

N
I
—

= ép [0 < Xg_1]+
(1 PXu =)

i Xd,1 :Z]> .

Injecting this equality back into the original one, it is then enough to show that

1 1
=-P[0< X4_ —
3 0 < Xq-1]+ 2

1\:|H

W =
/\ HMg

1
= Pl0< Xy

c.o|>—u

QP[Xd_1<1—Gd]: P[Xd 1=’L]

|
M
02|

Il
_

7

which is proved by splitting the left term of the equality according to the value of
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Gdi

=1
PlXg1<1-Gg =) —5P[Xg1<1-1i
=0

. 21+1
~lpix <1]+1ilp[x < —i]
D) d—1 412021- d—1 7
“la_pp<x ])+1§:1P['<X ]
= d-1 125 i< Xg-1

I
N | =
|
|
N
3
I
"
| =
e
’ o
|
2
N
£s
|
Il

Il
N
I
N —
e
3
|
"
N

Nk
/N
—

I
2]
N——
3
&

|
|

As a corollary of the above equality and of the monotonicity of Py, we deduce

the following inequality.

Corollary 46. Ford > 2, fq(1,00,...,00) > fu(00,00,...,00).
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4. Appendix: Coefficients of f4

In the following tables, 4" means an exponential where the exponent is the opposite
of the sum of n different 3;’s. The following n-tuples indicate the multi-exponent of
the monomial and the corresponding coefficient. The total degree of the multivariate
polynomial is exactly d — 1, except for n = 0. The omitted coefficients are obtained
from the previous ones by permuting the 3;’s. These coefficients were obtained
using Sage [7], Pynac [10] and Maxima [9].

4~ 1[4 0
©0) 2]0 1

Table 4: d = 1,(1/3) = (1/3")

4" 2 4" 1 470
(0,0) 20/31(0,) —2/3[0 11/3

Table 5: d =2, (1/9) = (1/32)%

1 3 1 2 1~ 1 0
(2,0,0) 1 2,00 -1 |(2,) 1

(1,1,0) 2 (1,1) -2

(1,0,00 —11 | (1,0) 5 1,) 1

(0,0,0) 64/3 | (0,0) —4/3 | (0,) —2/3| () 35/3

Table 6: d =3, (1/27) = (1/3%)*
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4, (1/81)

1/12

(4,)

119/54

(1,)

—1/12

79/54

(1,0)

(1/3°)

—14/3
—28/3

119/9
—80/27

Table 7: d

(1,0,0)
(0,0,0)

—416/9

12 (2012)
1808/27

(1,0,0,0)
(0,0,0,0)
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Table 8: d =5, (1/243)




