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ABSTRACT 
The intensity modulation (IM) property of an optical injection-locked quantum cascade (QC) laser is theoretically 
investigated via a three-level rate equation model. The locking regime is obtained based on the local bifurcation theory. 
It is shown that the injection-locked QC laser exhibits a rather flat modulation response at zero detuning, whose 
bandwidth increases with the injection level. In contrast to interband lasers, both positive and negative detunings 
enhance the modulation bandwidth. Besides, a large linewidth enhancement factor (LEF) can increase the peak 
amplitude in the response. Moreover, it is found that no frequency dip occurs in the IM response of injection-locked QC 
lasers.  
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1. INTRODUCTION 
Quantum cascade (QC) lasers have progressed very rapidly since its first demonstration at Bell Labs in 1994 [1]. One 
fundamental feature of the QC laser is that the laser radiation is based on intersubband transition, typically in the 
conduction band, which is dominated by electron-optical phonon scattering. The unique intersubband transition leads to 
a wide wavelength ranging from mid-infrared up to terahertz (3 ȝm–1000 ȝm), which is tailored by the quantum 
confinement. The electron-optical phonon scattering is an ultrafast relaxation mechanism in the order of several 
picoseconds, which makes QC lasers much more favorable for ultra-high-speed modulation [2-5]. In contrast, 
conventional semiconductor lasers rely on interband transitions, which take place between the conduction band and the 
valence band. The emission wavelength is located within a small range determined by the material bandgap. Besides, the 
interband transition is dominated by the carrier-carrier scattering mechanism, resulting in a longer carrier lifetime in the 
order of a few nanoseconds. Then, the modulation bandwidth of interband lasers is typically limited to less than 10 GHz 
[6]. In order to boost the modulation properties, researchers resort to the optical injection-locking technique, and it was 
demonstrated that the bandwidth of interband lasers can be strongly enhanced. Moreover, injection locking is beneficial 
to reduce the frequency chirp [7], [8], to suppress the relative intensity noise (RIN) [9], [10] and the nonlinear distortion 
[11]-[13]. It is well known that the injection-locked semiconductor laser’s frequency response is characterized by three 
regimes depending on the frequency detuning. As shown in figure 1, for the negative frequency detuning the laser 
exhibits a linear response without resonance peak, while at zero detuning the laser is characterized by a broadband and 
flat response. At positive frequency detuning, the laser exhibits an even higher resonance frequency with a large peak, 
nevertheless, the modulation bandwidth is limited by the occurrence of the large pre-resonance frequency dip. It is 
proposed that the enhanced resonance frequency of the injection locked semiconductor lasers originates from the 
interference between the locked field and the shifted cavity-resonance field [14]-[16], while in the free-running case the 
relaxation oscillation results from the interaction between carriers and photons.  

Regarding the picosecond carrier lifetime of QC lasers, a modulation bandwidth of more than 100 GHz was theoretically 
predicted [2-5]. It is noted that the bandwidth is also related to the photon lifetime, which is comparable or even larger 
than the carrier lifetime [17]-[19]. Experimentally, tens of gigahertz bandwidth was reported in the modulation response 
of QC lasers [20]-[22]. Due to the ultrafast carrier lifetime, it is also stressed that no relaxation oscillation resonance 
appears in the frequency response since the laser is over-damped [19].  As for injection-locked interband semiconductor 
lasers, it is beneficial to employ the injection locking technique to enhance the dynamical properties of QC lasers. 
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To this end, Meng et al theoretically investigated the injection-locking properties employing a simplified two-level rate 
equation model. It was shown that the bandwidth can be up to ~10-fold improved with a 10 dB injection ratio in 
comparison to the free-running case. One of the most interesting results is the absence of the unstable locking region in 
an approximate locking regime determined by the gain and phase condition [23]. However, at this stage we believe that 
this result needs further investigation via a more explicit analysis approach of the locking diagram such as numerical 
continuation. Moreover, a direct link of a mid-infrared QCL to a frequency comb using the optical injection technique 
has been demonstrated recently by Borri et al [24]. To go a step beyond Meng’s work, this paper theoretically 
investigated the intensity modulation (IM) properties of an injection-locked QC laser employing a three-level rate 
equation model. The injection-locked regime is studied based on the local bifurcation theory. As for interband lasers, the 
locking regime is enlarged under high injection ratio. The QC laser exhibits a rather flat modulation response under zero 
detuning, whose bandwidth increases with the injection level. Both positive and negative frequency detunings can 
enhance the 3-dB bandwidth and the peak amplitude. The latter can also arise with a large linewidth enhancement factor 
(LEF). Moreover, it is found that no frequency dip occurs in the modulation response of injection-locked QC lasers.  

 
Figure 1. Modulation responses of optical injection-locked interband lasers at negative frequency detuning (blue), zero 

detuning (green) and positive frequency detuning (pink).  

2. NUMERICAL MODEL DESCRIPTION  
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Figure 2. Sketch of optical injection-locked QCL laser and carrier dynamics in the slave laser 

The schematic structure of optical injection-locked QC laser as well as the carrier dynamics is illustrated in figure 2. In 
the slave laser, carriers are firstly injected into the upper subband (labelled 3) of the active region by resonant tunnelling, 
and the tunnelling time from the injector is ignored since it is extremely short (~0.2ps) [1]. Laser radiation occurs 
through the carrier transition from the upper subband to the lower subband (labelled 2) within a relaxation time 32W , and 
the relaxation mechanism is dominated by electron-optical phonon scattering. Meanwhile some carriers relax directly 
into the bottom state (labelled 1) within time 31W . Once carriers are in the lower subband, those relax into the bottom 
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state via the emission of a longitudinal-optical (LO) phonon, and then tunnel out of the active region into the next stage 
within time outW . We note that only one period is considered in our model as in reference [5]. It is well known that the 
classical equation describing the complex field of an injection-locked laser is as follows [25]: 
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where ( )E t  is the slave laser’s complex field, G is the gain, PW  is the photon lifetime, injA  is the injected field 
magnitude, HD  is the LEF, injZ' is the detuning frequency defined as inj master slaveZ Z Z'  �  while ck  is the coupling rate 

of the master laser into the slave laser which is (1 ) / (2 )c rk c R n L R �  with rn  the refractive index and L  is the cavity 
length. The complex rate equation (1) can be split into two coupled rate equations for the photon number S and the 
phase I' , according to the relationship ( ) ( ) exp ( )E t S t j tI '  with the phase difference slave masterI I I'  � . The 
injection ratio is defined as Rinj=Sinj/SFE with the free-running photon number SFE��Following the sketch of Figure 2 and 
the rate equation model of free running QC lasers reported in references [26]-[28], the rate equations for optical 
injection-locked QCLs are finally given by: 
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where I is the pump current, 3,2,1N  are the carrier numbers in levels 3, 2, 1, respectively. The gain 0G G N '  with the 
gain coefficient 0G  and 3 2N N N'  � . PW  is the photon lifetime, spW  is the spontaneous emission time and E is the 
spontaneous emission factor.  

In order to obtain the modulation transfer function, we linearize the rate equations (2)-(6). Assuming a small current 
deviation i around the pump current I , the deviations of 3,2,1,  ,  N S I'  are defined as 3,2,1,  sn  andGM , respectively. Then 
we can obtain the differential rate equations as follows: 
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Then, the modulation transfer function can be extracted as 
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where kz  is the zero,  while kp  is the pole which is also eigenvalue of the coefficient matrix in the differential rate 
equation. The poles and zeros are useful for the behaviour analysis of the modulation response with respect to the Bode 
plot. Besides, the eigenvalues are also important for the stability analysis in the bifurcation diagram, which will be 
discussed in the following sections. 

Table 1. The QD material parameters and the laser parameters used in the simulations (from [28]-[30]) 

Parameter Value Parameter Value 
Laser frequency v  2.9 THz              Relaxation time 32W  2.0 ps 
Cavity length L                      3 mm                Relaxation time 31W  2.4 ps 
Cavity width w 80 ȝm               Relaxation time 21W  0.5 ps 
Facet reflectivity R 0.29 Tunnelling out time outW  0.5 ps 
Refractive index ng 3.3 Photon lifetime PW  3.7 ps 
Internal loss iD                24 cm-1 Spontaneous lifetime spW  7.0 ns 
Gain coefficient G0 5.3× 104 s-1 LEF HD  0.5  
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Figure 3. Steady-state results for an injection-locked QC laser (solid lines) with an injection ratio Rinj=5 at zero 
detuning, in comparison with the free-running case (dashed lines).  
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3. RESULTS AND DISCUSSIONS  
All the material and laser parameters used in our simulations are listed in table 1(unless stated otherwise) [28]-[30]. As 
shown in figure 3, we firstly studied the steady-state properties of the injection-locked QC laser with an injection ratio 
Rinj=5 under the zero detuning case. The laser’s threshold for the free-running laser is Ith=1 A. In comparison with the 
free-running case, the carrier number N3 in the upper laser state is reduced while N2 in the lower laser state is increased 
by optical injection. Nevertheless, the carrier number in the bottom state, which is 1 /outN I qW is not impacted as in the 
free-running case. Moreover, we note that the photon number is enhanced by the optical injection as well. In the 
following sections the bias current is set at Ibias =1.2Ith. 

In order to obtain the stable injection-locking regime we studied the local bifurcations, namely saddle-node (also called 
limit point or fold) and Hopf bifurcations [31], [32]. The bifurcations can be obtained by an eigenvalue analysis of the 
fixed point (or equilibrium), that is, if a single, real eigenvalue passes through the imaginary axis in the complex plane, 
one typically finds a saddle-node bifurcation while a pair of complex conjugate eigenvalues passing through the 
imaginary axis corresponds to a Hopf bifurcation. The bifurcations can be calculated by the so-called numerical 
continuation, which is a powerful method for bifurcation analysis, and it is implemented by the continuation package 
Matcont in our work. The saddle-node (SN, solid line) and Hopf (dashed line) bifurcations are illustrated in figure 4. The 
stable locking regime is bounded by the supercritical bifurcations (thick lines). As for injection-locked interband lasers, 
the injection-locked regime enlarges with the injection ratio. It is also well known that the bifurcation diagram has a 
strong dependence on the LEF as is compared between figure 4(a) and (b). With a large LEF value, the stable locking 
regime is enlarged both at the positive frequency detuning edge and the negative frequency detuning edge. It is noted 
that there are codimension-two points (G1, G2) where the Hopf and SN curves intersect, and the bifurcations changes 
from supercritical (subcritial) to subcritical (supercritical) along both the Hopf and SN curves [31], [32]. Near the point 
G1, the laser is known to generate various nonlinear dynamics. In comparison with interband lasers, the positions of the 
codimension-two points move to a higher injection level.  
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Figure 4. Bifurcation diagram and stable locking regime of an injection-locked QC laser. Solid line is saddle-node (SN) 
bifurcation and dashed line is Hopf bifurcation. Supercritical bifurcation is denoted by thick line while subcritical 
bifurcation by thin line. The stable locking regime is bounded by the supercritical bifurcations with (a) LEF=0.5, 
and (b) LEF=2.5.  

Figure 5(a) shows effects of the injection strength on the modulation response of the injection-locked QC laser at zero 
detuning. As for the free-running laser, the injection-locked laser exhibits a rather flat response without resonance peak 
due to its ultrafast carrier lifetime. As is illustrated in figure 5(b), the 3-dB bandwidth increases with the injection level. 
The bandwidth at Rinj=10 is 31.7 GHz corresponding to about 2.5-fold improvement as compared to the free-running 
case (12.8 GHz).  
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Figure 5.  (a) Modulation response with various injection ratios at zero detuning; (b) 3-dB bandwidth as a function of 
injection ratio. 
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Figure 6. (a) Modulation response under various detuning frequencies at an injection ratio of Rinj= 5; (b) Modulation 
bandwidth as a function of detuning frequency.  

Table 2. Poles and zeroes for various detuning frequencies in figure 6(a) 

Detuning p1 p2 p3 p4 p5 z1 z2 z3 
-5 GHz -18.3 -99.2 -1016.7 -2492.6 -2000 -12.1 -1500 -2000 
-3 GHz -25.4 -106.4 -1028.7 -2583.1 -2000 -24.9 -1500 -2000 
0 GHz -35.7 -90.6 -1024.7 -2550.5 -2000 -32.07 -1500 -2000 
2 GHz -56.0±j10.6 -1013.5 -2467.6 -2000 -32.09 -1500 -2000 
6 GHz -30.9±j45.1 -978.4 -2257.3 -2000 -24.7 -1500 -2000 

Figure 6(a) presents the impacts of the frequency detuning on the modulation response. In contrast to the interband lasers 
in figure 1, peak arises when the frequency detunes toward both the positive (6 GHz) and the negative (-5 GHz) locking 
edge. However, the occurrence of the peak is not because of the relaxation oscillation resonance. It can be analyzed via 
the poles and zeroes listed in table 2 with respect to the Bode plot. The parameters p1, p2 and z1 are dominant in the 
modulation response since other poles and zeroes are much larger. The peak appearance is attributed to the fact that the 
zero 1z  is smaller than the smallest pole 1p , since the larger the value 1p - 1z  is, the higher the peak becomes. At 
positive detuning, the small real part of the complex poles also contributes to the peak occurrence. In comparison with 
the modulation response of interband lasers under positive frequency detuning in Figure 1, no frequency dip occurs in 
the modulation response of the QC laser due to the small zero 1z  value, which is a crucial point for broadband 
application of QC lasers. Figure 6(b) illustrates the variation of the modulation bandwidth under frequency detuning. In 
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contrast to interband lasers the bandwidth increases both for positive and negative detunings, and the smallest value is 
reached around the detuning frequency at -1 GHz.   

Although QC lasers are theoretically predicted to exhibit a near-zero LEF because of the near-homogeneously broadened 
gain spectrum, recent experiments have shown that the above-threshold LEF of QC lasers can actually range from 0 to 
2.5 [19], [33]-[35]. Correspondingly, we studied the influence of the LEF on the modulation response in figure 7. With a 
large LEF value, the peak amplitude increases while the modulation bandwidth is nearly unchanged. So it is beneficial to 
maintain a low LEF value to obtain a relatively flat modulation response. 
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Figure 7. Modulation response at zero detuning with Rinj=5 under various LEF values LEF=0.1, 0.5, 1.0, 1.5, 2.0, 2.5. 

4. CONCLUSION  
Based on a set of five rate equations, the modulation properties of an injection-locked QC laser are theoretically studied 
via a semi-analytical method. The injection-locking regime is obtained through the local bifurcation theory including 
saddle-node and Hopf bifurcations. It is shown that the QC laser exhibits a rather flat modulation response under zero 
detuning, and that the modulation bandwidth increases with the injection strength. In comparison with injection-locked 
interband lasers, it is demonstrated that both positive and negative detunings enhance the modulation bandwidth. 
Furthermore, it is also found that no frequency dip occurs in the IM response, which is extremely beneficial for 
broadband applications of QC lasers. Lastly, large LEF value can increase the peak amplitude in the modulation response. 
These results are of prime importance for the enhancement of QC lasers’ dynamical properties. Further study will take 
into account the period of stages to improve the rate equation model. The influence of the carrier lifetimes on the 
injection-locked properties will be investigated as well.  
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